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Gravitational Effects on Laminar Convection
to Near-Critical Water in a Vertical Tube

S. H. Lee* and J. R. Howellt
University of Texas at Austin, Austin, Texas 78712-1063

Numerical calculation is performed to study the strongly coupled heat transfer and flow of water at
near critical conditions in laminar flow in a vertical tube. Near the critical region fluid flow and heat
transfer depend on the temperature and pressure because of large property variations that include tran-
sition between liquid-like behavior and gas-like behavior. The two-dimensional (r, z) model includes the
effects of variable thermodynamic and transport properties such as density, specific heat, viscosity, and
conductivity. Heat transfer coefficient and profiles of temperature and velocity are shown in the devel-
oping region of the tube. The very large influence of gravity on the two-dimensional flow and temperature
profiles in the tube is shown. The effect of proximity to the pseudocritical point is considered. The tube
wall is heated with constant wall heat flux and uniform flow is assumed in the inlet of the tube. Inlet
fluid temperature, pressure, and Reynolds number are used as the main parameters.

Nomenclature
Cp = specific heat at constant pressure, J/kg
D = tube diameter, m
/ = friction factor
Gr = Grashof number, p^ng^inQwR4/kin^n
g = acceleration caused by gravity, m/s2

h = convective heat transfer coefficient, W/m2 K
k = thermal conductivity, W/m K
L - tube length, m
m = mass flow rate, kg/s
PR - reduced pressure, plpc
Pr = Prandtl number
p = pressure, N/m2

Q = heat flux, W/m2

R = radius, m
Re = Reynolds number at inlet, pmuinD/iJiin
r = radial distance, m
T = temperature, K
Tpc = pseudocritical temperature, K
u = local velocity in axial direction, m/s
v = local velocity in radial direction, m/s
y = nondimensional distance from the wall, 1 — (r/R)
z - axial distance, m
a — nonuniform parameter
/3 = compressibility, 1/K
AT = wall to bulk temperature difference, K
9 = dimensionless temperature, kin(T — Tin)/QwD
jit - absolute viscosity, kg/s m
p = density, kg/m3

r = shear stress, N/m2

</> = function variable

Subscripts
b = bulk condition
c = critical point value
in = inlet condition
w = wall condition
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Superscripts
i = iteration counter

Introduction

EXTENSIVE investigations have been carried out theoret-
ically and experimentally on mixed convection problems

in a vertical tube, with increased interest recently on fluids near
the critical region. The heat transfer coefficient in this region
shows different characteristics from the constant-property-
based solution caused by wide variations in fluid properties.
Practically, the supercritical condition is important in the de-
sign of heat exchange equipment that uses water in power-
plants, hydrogen as a working fluid for rockets, helium as a
coolant for superconducting equipment, and carbon dioxide in
supercritical extraction systems, etc.

Near the critical region, there are large variations of ther-
modynamic and transport properties shown for water in Fig.
1. As the fluid temperature approaches the pseudocritical tem-
perature at a specified pressure, the variation of fluid properties
becomes larger. The properties change from those of a liquid-
like phase to those of a gas-like phase as the temperature in-
creases across the pseudocritical temperature. Hence, in treat-
ing buoyancy effects, the Boussinesq approximation that
assumes linear dependence of density on temperature may not
be reasonable because the thermal expansion coefficient also
has large variation along with other properties. The degree of
variation depends on both fluid temperature and pressure.

Most experimental1'4 and theoretical5'8 investigations of
fluid flow and heat transfer near the critical region are for
turbulent flow because of the need for the design of practical
systems. These references report on the degradation phenom-
enon of the heat transfer coefficient in a vertical tube for high
flux. For laminar flow in a vertical tube near the critical region
less research has been done. Koppel and Smith9 solved nu-
merically the case of laminar upward flow in a vertical tube
for supercritical CO2. They modeled the case of constant wall
heat flux using implicit finite difference equations neglecting
the radial velocity component. Their results indicated differ-
ences between near-critical and constant property results for
the heat transfer coefficient, especially in the developing region
near the pseudocritical point. They didn't consider the possi-
bility of recirculating flow. Dashevsky et al.10'11 also solved
numerically the case of laminar upward flow in a tube for near-
critical helium and CO2. The boundary-layer approximations
are used and the velocity profile is determined using the Bous-
sinesq approximation. They formulated finite difference
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Fig. 1 Thermodynamic and transport properties variations for
water near the critical region: a) density and specific heat and
b) viscosity and thermal conductivity.

schemes for the general case including recirculating flow.
Their calculations are in good accord with experimental re-
sults. Bogachev et al.12 and Vlakhov et al.13 suggested experi-
mental correlations for the heat transfer coefficient for super-
critical fluids in the laminar/transitional flow region. Their
results show that the heat transfer coefficient has a maximum
value in the developing region of the tube, and far from the
critical region the heat transfer characteristics are similar to
those for the constant property case.

These experimental and numerical results show that there
are severe variable property effects on fluid flow and heat
transfer near the critical region. Despite several studies of ver-
tical tube laminar flow for near critical fluids, the effect of
various approximations on computation of heat transfer and
fluid flow are not completely understood. The purpose of this
study is to investigate the basic mechanism of fluid flow and
heat transfer and for predicting laminar-upward flow convec-
tion heat transfer in a vertical tube. Water is used as the fluid
near the critical region, and this work does not rely on the
boundary layer or Boussinesq approximations.

Numerical Modeling
The problem to be analyzed is heat transfer to near-critical

water flowing through a vertical smooth-walled circular tube.
Flow enters the tube with a uniform velocity and temperature.
The flow is assumed to be steady state and axisymmetric, and
in thermodynamic equilibrium. The governing continuity equa-
tion, Navier-Stokes equations, and energy equation in axisym-
metric coordinates, which are used in this modeling are shown
in the following. Wall thermal conductivity is assumed so high
that there is no temperature gradient across the wall.

Continuity:

1 d d
- — (prv) + — (pu) = 0
r dr dz (i)

Momentum:

dv dv dp 1 d Tee . d
pv — + pu — = -— + - — (rr,r) - — + — (rj (2)

dr dz dr r dr r dz

du du dp I d dpv — + pu — = —f- - pg + - — (rrj + — (T%,) (3)
dr dz dz r dr dz

where

dv 22 ^-5

I du dv
— + —dr dz

Energy:

Pcp = Di (4)

The thermodynamic and transport properties are taken to be
functions of temperature and pressure. For thermodynamic and
transport properties of water, the computer code of Lester et
al.14 is used. The associated boundary conditions of the model
are

z = 0 (inlet) u = Min, v = 0, T = 7in, P = Pm

0<z<L at r = 0: — = 0, — = 0, — = 0
dr dr dr

dT
at r = R: u = 0, v = 0, Qw = -k —

dr

At the outlet, which is placed 10 diameters downstream of
the tube inlet, linear extrapolation boundary conditions are
used for u and T. Results are presented for only the single tube
length, but greater lengths showed little change in the results
for z ^ 10D.

The governing equations are solved with the SIMPLE al-
gorithm15 using the power-law scheme. A staggered grid sys-
tem is used and relaxation factors are used for stability. The
convergence is checked by computing the normalized mass
residual in the equation of continuity. The iteration is stopped
when the residual is less than 10~3. Successive iteration values
of each variable should also satisfy the following convergence
criteria:

< 10-

where (/>: u, v, and T.
For numerical calculation, orthogonal grids that are distrib-

uted uniformly along the axial direction and nonuniformly in
the radial direction (clustered near the wall) are used. The fol-
lowing relation is used in the radial grid system:

(a + 1) - (a - l)([(a + !)/(« - I)]"'}
[(a + !)/(« - + 1

where y is the radially uniform grid position and nonuniform
parameter, and a is 1.05.
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To check the grid size effect on calculation results, axial
grids of 50, 100, and 200 points and radial grids of 20, 40,
and 80 were used. The difference between the calculation re-
sults of heat transfer coefficient in grid points of 100 X 40
and 200 X 80 is less than 1%. Computation is carried out on
at least the 100 X 40 grid. The validity of the extrapolation
boundary condition at the exit of the tube was checked by
comparison with the results for longer tubes. To further verify
this program code, other results16'17 of developing flow in the
tube were compared. The predictions agree very well. All cal-
culations are carried out on an IBM RISC System/6000.

Results and Discussion
For heat transfer near the critical region, the fluid may pass

through the pseudocritical temperature at which there is the
maximum property gradient with temperature. These property
variations are related to the transition between liquid-like and
gas-like behavior across the pseudocritical point, and these ef-
fects are interrelated with the flow and temperature fields. Es-
pecially in upward flow with heating, the buoyancy effect
caused by density variation is important, as shown in the fol-
lowing results.
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Fig. 2 Comparison of velocity and temperature distributions along the tube with fluid inlet temperature. Tm = a) 300, b) 375, and
c) 450°C.
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The Prandtl, Reynolds, and Grashof numbers are the usual
parameters for the velocity profile and heat transfer in tube
flow with mixed convection. However, near the critical region
these nondimensional numbers are not constant and their var-
iations are severe. There is a pseudocritical temperature where
there is maximum variation of properties for each pressure. In
this analysis, the temperature, pressure, and Reynolds number
of the inlet fluid are used as the main parameters. Additional
nondimensional numbers are calculated based on the inlet con-
dition.

Figure 2 shows velocity and temperature profiles along the
tube in the entrance region in the vertical tube for the case of
a very low constant wall heat flux of 10 W/m2. The velocity
profiles show that the buoyancy effect caused by density var-
iation near the wall is large compared with the shear stress-
induced deceleration of the fluid. The velocity of the fluid near
the wall increases along the tube from the inlet and the velocity
peak near the wall will continue to increase until buoyancy
effects become negligible. It is also seen that the centerline
velocity continues to decrease, which means that recirculation
may occur in the downstream core region of the tube. Such
flow reversal was seen for results at higher wall heat flux. The
centerline velocity decrease rate depends on many parameters.
For the near-critical region, the inlet condition is important
because the variation of properties is different for each pres-
sure and temperature.

The radial velocity component has a direction toward the
wall over much of the tube radius to satisfy mass conservation,
which means that streamlines move toward the wall along the
tube. The temperature profiles show that a very narrow region
near the wall has variations of temperature, and in this region
there is a resulting variation of properties such as density, spe-
cific heat, viscosity, and conductivity. Note that the tempera-
ture distribution is not as severely deformed as might be ex-
pected with these property variations.

Temperature profiles in the tube are also affected by the
buoyancy force. As the inlet fluid temperature approaches the
pseudocritical temperature, buoyancy effects on the forced
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convection increase rapidly, resulting in increased fluid veloc-
ity near the heated wall, and decreased thermal boundary-layer
thickness. The pseudocritical temperature at 24.0 MPa is about
382°C.

As the fluid temperature approaches the pseudocritical tem-
perature, the density variation with temperature increases very
rapidly and this variation also depends on the pressure. Hence,
the buoyancy force varies with the fluid temperature for a
specified pressure and the flowfield is strongly affected. Figure
3 shows the effects of inlet pressure on the velocity and tem-
perature profiles. The pseudocritical pressure of 375°C is about
22.1 MPa. Then for the fluid temperature of 375°C, the buoy-
ancy force increases as the pressure is decreased toward the
critical pressure. As the pressure decreases, the velocity profile
is more distorted and the thermal boundary-layer thickness de-
creases. However, for the fluid temperature of 425°C, the ve-
locity profile is less distorted as the pressure decreases toward
the critical point pressure. Thus, the buoyancy force depen-
dence on pressure changes between these two fluid tempera-
tures.

Figure 4 shows the buoyancy force variation with respect to
fluid temperature at several pressures for a constant wall heat
flux of 10 W/m2 in a vertical tube. The effect of buoyancy
force in a vertical tube may be represented by the parameter18

of GrIRe. As the fluid temperature approaches the pseudocrit-
ical temperature, GrIRe becomes larger and reaches a peak
value at the pseudocritical point. The maximum value of Grl
Re increases as the pressure approaches the critical point (Tc
= 374°C, Pc = 22.05 MPa). The buoyancy force has steep
change near the pseudocritical temperature, and as the pressure
approaches P0 it becomes even steeper. This is the chief reason
for the distorted velocity profiles, even at low wall heat flux.
From this figure it can be seen that GrIRe at Tin = 375°C is
about 100 times larger than at T-m = 500°C and 7in = 200°C.

The heat transfer coefficient can be defined as

h = QJ(TW - Tb)

and Tb is defined as

,= | puCpTdA/\
JA I JA

Tb= puCpTdA/ PuCpdA

(5)

(6)
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Figure 5 shows the heat transfer coefficient distributions
along the vertical tube for several Reynolds numbers. Unlike
forced convection in a tube for a fluid with constant properties,
as the mass flux (Re) increases the heat transfer coefficient
decreases after some distance. This effect is related to the
higher velocity peak near the wall for lower inlet mass flux.
This means that in the entrance region the buoyancy effect is
very important. The heat transfer coefficient including the
gravitational body force has a relatively large value compared
with the result neglecting the gravity force.18 This difference
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Fig. 3 Comparison of velocity distributions with pressure at a
position of z/D = 4.8. T-m = a) 375 and b) 425°C.

106

105

Gr/Re

103

IO2

——l——

-22.5 MPa :

250 300 350 400
T(°C)

450 500 550

Fig. 4 Buoyancy force parameter dependence on water temper-
ature and pressure; Qw = 10 W/m2, Re = 1000.



LEE AND HO WELL 631

is caused by the high convection caused by rapid acceleration
of the fluid near the wall because of the buoyancy force.

The heat transfer coefficient for various inlet fluid temper-
atures is shown in Fig. 6. The results show that the heat trans-
fer coefficient rapidly decreases along the vertical tube but the
variation with distance for zlD > 5.0 is relatively small. Also,
the heat transfer coefficient increases as the inlet fluid temper-
atures approaches the pseudocritical temperature. This is re-
lated to the high buoyancy effect as shown in the velocity
profile. When the inlet fluid temperature is near the pseudo-
critical temperature, free convection becomes more important
than forced convection. High acceleration near the wall thins
the thermal boundary layer, which results in large heat transfer
coefficient. The pseudocritical temperature for 24 MPa is about
382°C; below this temperature the fluid has liquid-like behav-
ior and above it gas-like behavior. Hence, with the same Reyn-
olds number the heat transfer coefficients for Tin > 382°C are
lower than for T-m < 382°C.

Figure 7 shows the heat transfer coefficient for various pres-
sure conditions, with trends similar to those for various inlet
fluid temperatures. As the pressure decreases toward the crit-
ical pressure, the heat transfer coefficient increases. For pres-
sures above 30 MPa, the difference in heat transfer coefficient
is relatively small and is because of small changes of proper-
ties in the liquid phase.

The friction factor is defined as

/= 8rvv/p inwfn (7)

and Fig. 8 shows the friction factor distribution along the tube.
Because of the buoyancy, the fluid velocity near the wall in-
creases gradually along the tube, and so for lower mass flow
rate, the friction factor becomes larger. It can be seen that the
friction factor also depends on inlet fluid temperature. As the
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various Reynolds numbers.
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Fig. 8 Friction factor distributions along the tube for various
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fluid temperature approaches the pseudocritical temperature,
the friction factor increases because of high buoyancy. Even
with the decrease of viscosity at the wall along the tube from
increasing fluid temperature, the increase of velocity gradient
is so large that the wall shear stress increases, causing the
friction factor to increase along the tube from near the en-
trance. These friction factors in the developing region of the
tube are large compared with the fully developed laminar tube
flow friction factor for constant properties, which is

/= 64/Re (8)

Conclusions
Numerical modeling is performed for laminar upward flow

with heating in a vertical tube for conditions near the critical
region of water. In this region there are large variations of
thermodynamic and transport properties. It is found that the
buoyancy force from the density variation that is induced by
heat transfer from the wall is important in both fluid flow and
heat transfer. Although a small heat flux is applied and induces
very small temperature gradients, the variation of properties,
especially density as reflected in the gravity effect, cannot be
neglected near the critical region. A small heat flux can gen-
erate recirculation in the tube core in the downstream regions
along the tube. It is shown that the buoyancy force parameter
GrIRe has steep variation with temperature near the pseudo-
critical temperature and this steepness depends on the pressure.
Because of the gravity effect on the flow characteristics, heat
transfer coefficient increases with a decrease of inlet Reynolds
numbers in the developing region along the vertical tube. The
heat transfer coefficient also depends on the inlet fluid tem-
peratures and pressures because of strong property variations.
As the fluid temperature approaches the pseudocritical tem-
perature, the heat transfer coefficient increases. The friction
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factor increases along the tube after a short distance from the
entrance region. Entrance region effects persist far down-
stream. Buoyancy forces are very important, even at large inlet
Reynolds numbers in the laminar range, indicating that mixed
convection probably persists well into turbulent flow.
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